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Abstract—This second part of a three-paper sequence deals with
the spatial domain parametrization and physical interpretation
of the relevant asymptotic high-frequency Green’s function for a
semi-inﬁnite phased array of parallel dipoles on an inﬁnite strati-
ﬁed grounded dielectric slab. This array Green’s function (AGF)
has been previously derived using a spectral domain formulation;
the relevant asymptotic solution contains contributions associated
with Floquet waves (FWs), and corresponding surface, leaky and
diffracted waves excited at the array edge. Both the truncated-FW
series and the series of corresponding diffracted ﬁeld contri-
butions exhibit excellent convergence properties. In the present
paper, through application of the Poisson summation, the AGF for
a plane-stratiﬁed grounded dielectric slab is developed in terms
of space domain FW-dependent Kirchhoff radiation integrals
which are synthesized by superposition of periodicity-modulated
phased line sources oriented parallel to the edge. The asymptotic
evaluation of each Kirchhoff radiation integral leads to a grouping
of various asymptotic terms, which provide physically appealing
interpretations of a variety of wave processes, encompassing
slab—modulated propagating (radiating) and evanescent (non-
radiating) FWs, slab-guided surface waves (SWs) or leaky waves
(LWs), and their edge-coupled phenomenologies. The present
space domain parametrization leads to the same asymptotics as
that from the spectral domain parametrization, but allows a clear
description of the spatial wave interaction processes.
Index Terms—Diffraction, high frequency, patch array an-
tennas.
I. INTRODUCTION
T
HE present paper and the following Part III [2] are
concerned with the identiﬁcation of the multiplicity of
periodicity-induced wave interactions processes that are em-
bedded within the high-frequency solution presented in [1] for
the Green’s function of a linearly phased semi-inﬁnite array of
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electric dipoles located on an inﬁnite grounded dielectric slab.
This solution represents the basic building block for a full-wave
analysis of operational large planar truncated patch arrays
[3]–[5]. The three-dimensional (3-D) periodicity-induced Flo-
quet wave (FW) phenomenology for truncated dipole arrays in
freespacehaspreviouslybeeninvestigated in[6]–[10],whereas
the 2-D periodicity-induced FW phenomenology for truncated
line source arrays on an inﬁnite grounded dielectric slab has
been investigated in [11]. The truncated-periodicity-adapted
methodology preserves the efﬁciency of the FW-based inﬁnite
array Green’s function (AGF), with the effects of trunca-
tion accounted for by a rich variety of FW-modulated edge
diffractions and couplings involving both propagating and
evanescent FWs. As has been shown in [6]–[10], the asymp-
totic results can be cast in the format of a generalized 2-D or
3-D geometrical theory of diffraction (GTD) which includes
plane FWs truncated at appropriate shadow boundaries, with
corresponding FW-induced conical edge diffracted rays [6], [7]
and spherical-wave vertex diffractions [8], [10]. These previous
explorations of special cases in [6]–[11] have been generalized
in [1] to 3-D ﬁelds excited by a truncated 2-D dipole array on
the grounded dielectric slab. Via a spectral domain formulation
followed by uniform saddle point asymptotics, the investigation
in [1] leads to a hierarchy of edge-induced diffractions and
couplings that are tied to slab-modulated propagating and
evanescent truncated FWs, and to slab guided surface waves
(SWs) and leaky waves (LWs) excited at the edge. While the
accuracyand efﬁciency of the uniform saddle point asymptotics
pertaining to the edge-diffracted contributions was veriﬁed in
[1] by numerical experiment, no attention has been given there
to the rich variety of interaction mechanisms and their detailed
physical interpretation. Performing this task is the motivation
for this second part and for the third part [2] of the paper, in
which we also generalize the geometry to a plane-stratiﬁed
grounded dielectric slab.
To gain insight into the alternative phenomenologies, we per-
form the radiation integral asymptotics in the spatial domain.
The spatial domain formulation is carried out in Section II, and
is parameterized, via truncated Poisson summation, in terms
of Kirchhoff-type representations extending over the semi-in-
ﬁnite radiating aperture, with corresponding diffracted rays em-
anatingfromthespatiallyﬁxedarrayedgeinalldirectionsalong
diffraction cones. The critical points in the uniform asymptotics
0018-926X/$20.00 © 2005 IEEE
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Fig. 1. Semi-inﬁnite array of dipoles printed on a grounded (PEC) stratiﬁed
dielectric medium, with deﬁnition of various coordinate systems.
Fig.2. Semi-inﬁniteplanararraycomposedofy-directedlinearraysofdipoles
printed on an inﬁnite grounded dielectric slab. (a) 3-D view. (b) Coordinate
system for the 2-D view transverse to y.
for the space domain radiation integrals are the end points of,
and the saddle points on, the integration interval, which give
rise to edge-excited FW-modulated diffracted ray ﬁelds as well
as to edge-excited slab-guided SW/LW contributions, and to
truncated FWs that emanate from the truncated array aperture,
respectively. The excitation, coupling and uniform transitions
pertaining to the various wave species will be examined and in-
terpreted in detail. In the spectral domain radiation integrals,
the diffracted and truncated-FW phenomenologies are associ-
ated with saddle points and pole singularities, respectively, but
their distinct GTD-type physical identiﬁcation is far less ap-
parent than in the spatial parameterization. The variety of inter-
estinginteractions,whichoccurwhentwodiffractedrayspecies
are phase-matched, are highlighted in Part III [2] of this paper,
which also contains an effective description of each wave inter-
action process, together with various numerical examples and
discussion of their relevance to practical applications.
II. FORMULATION
Let us consider a semi-inﬁnite array of linearly phased arbi-
trarily oriented elementary electric dipoles placed on a plane-
stratiﬁed grounded dielectric slab, as depicted in rectangular
coordinates in Fig. 1. The array is inﬁnite in the direction
and semi-inﬁnite in the direction, with interelement period
and in the and directions, respectively; the dipoles
are directed along and linearly phased, with and
denoting the interelement phasings along the and coordi-
nates, respectively. Also used is a -centered cylindrical coor-
dinate system [see Fig. 2(b)], and a polar coordinate
system (see Fig. 1). The electric ﬁeld radiated from this
semi-inﬁnite array is represented as the spatial summation over
the individual element Green’s functions. The GF for a single
-directed electric dipole located at the origin of the reference
system in Fig. 1 is expressed by [see (I.1)] (throughout, the
preﬁx I. identiﬁes equations, ﬁgures, etc., in [1]; e.g., (I.5) de-
notes (5) in [1])
(1)
where is the observation point,
is the vector wavenumber, and
with and for every .A n
dependence is implied. Bold face denotes vector quantities, a
caret denotes a unit vector, and doubly underlined bold face
denotes dyadics. In (1), is the individual-element dyadic
grounded-slab GF of the single radiating dipole, deﬁned for a
single-layer slab in (I.2). A convenient form for the is
[12]
(2)
valid for horizontal dipoles. In (2) the subscripts and corre-
spond to transverse magnetic (TM) and transverse electric (TE)
ﬁelds, respectively. Explicit expressions for the scalar spectral
potentials and for a single grounded slab are
given in (I.3) as and
where and
, with . For stratiﬁed dielec-
tricslabs,thescalarpotentials ,areexpressedasthevoltage
solution on the multi-impedance short-circuited -transmission
line with unit amplitude ideal current generators (see [12]).
As noted in Section I, for a different perspective on the wave
relevant interactions, we restructure the spectral domain formu-
lation presentedin [1] so as to parameterize thephenomenology
in the spatial domain. To this end, it is instructive to regard
the truncated planar 2-D dipole AGF as a superposition of
-directed phased 1-D inﬁnite dipole line array GFs, localized
at and tagged by the th FW
wavenumbers
(3)
The geometry and relevant reference coordinate system are de-
picted in a 3-D view in Fig. 2(a) and in a 2-D view in Fig. 2(b).
For implementation, we use the bilateral Poisson sum formula
(4)
and its monolateral (truncated) version [14]
(5)
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Theelectricﬁeldfromeachlinearrayat issynthesized
by summation of contributions from the individual elements
at , i.e.
(6)
Applying (4) to the ﬁeld in (6) yields
(7)
where
(8)
is the ﬁeld radiated by an equivalent smoothly phased line
source, with progressive Floquet-wave wavenumber (3). Sum-
ming over the contributions from all -indexed line sources,
the total array ﬁeld is given by
(9)
which becomes, on using the truncated Poisson sum formula in
(5)
(10)
where
(11)
is the th FW wavenumber in the direction. Substituting (7)
into (10) yields
(12)
This Kirchoff-type spatial domain formulation involves the
asymptotic reduction of the radiation integral for a
th FW-phased line source in (8) which is considered next.
III. PERIODICITY-MATCHED INFINITE SMOOTHLY-PHASED
LINE SOURCE
The spatial integral representation in (8) may be rephrased in
terms of its spectral integral version by substituting (1) into (8)
and interchanging the order of spatial and spectral integrations,
yielding
(13)
valid for . The term in parentheses is recognized as the
Dirac delta function which isolates the spatial har-
monics of the spectrum so that
(14)
where denotes the th
Floquet vector wavenumber. Using the notation in (2) we have
(15)
with , and on the
top Riemann sheet of the plane. To perform the asymptotics
of (14) we apply the change of variables (with
), and ,
which differ from those in (I.14) in that ( are now the
transverse cylindrical coordinates centered at the line source in-
steadof theorigin (wenotethatthedependence on is implicit
in and ). Thus, we obtain
(16)
where
(17)
in which . The SW and LW poles
associated with are the solution of the dispersion equa-
tion . Thus using
to denote a TE- or TM-type -independent solution of
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Fig. 3. Complex ￿-plane arising from the change of variable k = k cos￿, showing integration paths C and the SDP through the saddle point ￿ = ￿ ,a s
well as the location of SW and LW poles. (a) jk j <kand (b) jk j >k .
, the SW and LW poles of are
(18)
where the function is deﬁned through its principal value.
In (18), is the purely imaginary (for SW) or complex
(for LW) wavenumber along the direction. Fig. 3 shows
the topology of the complex -plane, with poles and inte-
gration paths. The poles with positive and negative -index
are symmetrical with respect to and have
and , respectively. In the shaded regions, the inte-
grand in (16) converges at . In the observation
range , the SDP through the saddle point
intercepts the pole for . Concerning the
-plane, note that unlike Fig. (I.3), Fig. 3 shows no -in-
dexed plane-wave FW poles arising from the [absent in (16)]
modulating function in (I.14), since this wave species
is not excited by line sources. Two different situations may
arise depending on whether is greater [Fig. 3(b)] or
less [Fig. 3(a)] than , which corresponds, respectively, to a
phase speed on the smoothed-out line source excitation
less or greater than the free-space wavespeed .F o r
,one has real, andthecontour extends
along , with real on .
For , one has imaginary, and extends
along , with imaginary on
. The SW poles located “on” the contour are circumvented
in the clockwise and counterclockwise sense for
or , respectively. All poles in the complex
-plane are located symmetrically with respect to
on the real axis. Denoting by and the S/LW poles
with greater and less than zero, respectively, we
have .F o r ,( real), we have
where is the -component of the
vector wavenumber deﬁned as in (I.24-[1]); moreover
; for ,
( imaginary), the contour and the SDP are both straight
lines parallel to the imaginary axis. The LW poles are never
captured during SDP deformations in the range .
For , the SW poles are located on an axis
parallel to the imaginary axis [denoted by (ii) in
Fig. 3(b)], so that one has ; for ,
the SW poles are located on the real axis [denoted by (iii) in
Fig. 3(b)], and one has .
We now perform the asymptotic evaluation of (16) according
to the Van der Waerden procedure [15]. We extract from the
integrand of (16) the regularizing function
(19)
which, in proximity of the saddle point , has the same
S/LW poles and corresponding vector residues as the func-
tion in (16). The function in (19) differs
from the function used in (I.35), having different
values of the residues and no FW pole contributions. Each th
term in the sum of (19), when integrated on the original contour
satisﬁes the exact identity [16]
(20)
where is an arbitrary complexnumber, representing here one
of the surface or leaky wave poles . Moreover,
where is the Heavyside
unit step function, and is the UTD transition function
deﬁned in (I.39). The term containing the Fresnel function
arises from the exact evaluation, on the SDP through the saddle
point , of the integral in (20). The term containing
arises from the residue of a possible intercepted pole .F o r
simplicity, we only consider the case ; the range
can be handled similarly. Note that (20) is valid
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for real or purely imaginary. An alternative expression of
(20) can be obtained by using the complementary error func-
tion
(21)
which is related with the UTD- function in (20) by the exact
relationship [18]
(22)
This leads to
(23)
where . This latter exact
expression is useful for numerical implementation in cases
where and are complex. Distinct from (20), (23) does
not isolate the physically meaningful SDP contribution from
the S/LW shadow-boundary-truncated residue contributions,
but incorporates the required continuity of in the
angular domain directly, since is an analytic function.
By addingand subtractingtheregularizingfunctionof(19)in
the spectral integrand and using (20) for the extracted part, one
obtains the exact representation
(24)
where
(25)
in which is the angular regularized spectrum expressed
by
(26)
which has no poles close to the saddle point . Both of
these contributions are examined below.
A. Conical Space-Wave Contribution:
Lowestorderasymptoticevaluationoftheregularizedﬁeldin
(25) at the saddle point yields
(27)
which,jointlywiththephasefactor in(24),representsa
conical ray congruence emanating from the line source at
and weighted by the vector pattern function , which does
not undergo transition in the angular range. Two different cases
may be distinguished.
) ( real).Thepropagationwavevector
is real. This corresponds to a line source
with fast phase speed along which radiates a conical
wave progressing with the speed of light in the direc-
tion
(28)
) Increasing eventuallyleadstoimaginary ,i.e.,toa
complexpropagationwavevector .Thiscorresponds
to a line source with slow phase progression along ,
whichemitsa radially attenuated ﬁeldalong with ex-
ponential decay . Neglecting the radially at-
tenuated waves furnishes a rough but effective crite-
rion for truncating the -series in (7); this latter crite-
rion can be reﬁned by the inclusion of a few terms of
the series, until the condition is reached.
Wenotethatinmostpracticalcases,onlythedominant
term of the -series is sufﬁcient for periodici-
ties less than one wavelength.
B. Transition From Conical Space-Wave to Plane Surface
Wave:
Each -indexed contribution in (24) rep-
resents a uniform ﬁeld which describes the excitation and
propagation of slab-guided waves launched by the line source.
For surface waves, assuming that a SW pole is intercepted
at the angle during the SDP deformation, the
interception point locates the SW shadow boundary
(SB). This SB coincides with the vanishing of the argument
of the transition function in (20), with ,a s
well as with the onset of the function; notice that the
nonvanishing range of the argument of the function can
also be phrased as , i.e.,
. The wave ﬁeld
exhibits a behavior that transforms the conical space wave
observed for into the pole-excited inhomogeneous
plane surface wave observed for (see Fig. 4). In
particular, by increasing (i.e., decreasing the phase speed
of the line source current), we have the following cases.
1) For , (i.e., real ), the phenomenology
is illustrated in Fig. 4(a). The SW poles are located
on the contour extending from to
in Fig. 3(a), so that the shadow boundary
angle condition leads
to or
(note
that is purely imaginary). Far from the shadow
boundary, the spatial conical-wave contribution of
the transition wave propagates along a ray cone with
aperture as in Section III-A; the
SW launched by the line source propagates along both
and , forming the angle
(29)
with the line source axis in order to match the phase
along [see 3-D view of Fig. 4(a)]. We note that the
condition implies that the
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Fig. 4. Schematic representation of the transition from a conical wave to a
plane surface wave in 3-D and 2-D views (20) with ￿ = ￿ ). (a) jk j <k :
propagating conical wave and propagating SW. The 3-D view shows the ray
cone of the propagating space wave and the direction of the two symmetrical
outgoing propagating SW. The 2-D view shows phase-front matching of the
conical wave and the SW at the shadow boundary; the ellipse identiﬁes the
regionwhereintheconicalwaveundergoestransitionsoastocompensateforthe
SW discontinuity. (b) k<jk j < k + jk j : radially evanescent conical
wave and propagating SW. The SW directions of propagation are matched to
the phase progression along the line source (3-D view). The shadow boundary
is vertical, as is the transition ellipse (2-D view). (c) jk j > k + jk j :
phase-matched radially evanescent conical wave and x-evanescent SW. The
transition region has a parabolic proﬁle surrounding the SB.
real part of the complex phase of the inhomogeneous
plane SW matches the phase of the space wave at the
shadow boundary in the transverse plane; i.e.,
for
. This aspect is emphasized in the 2-D view of
Fig. 4(a). Since the phase matching is guaranteed also
forthe direction,itfollowsthatalongtheintersection
linebetweentheshadowboundaryplaneandthespace-
wave radiation cone, the SW progresses with phase
constant , i.e., with the speed of light
in free space.
2) For [i.e., imaginary and
real; see Fig. 4(b)], the SW poles
are located on the contour in
Fig. 3(b), so that we have . The conical
spatial wave contribution is radially evanescent, and
the SW launched by the line source (see 3-D view)
still propagates along both and with inclination
angle still deﬁned as in (29). For increasing ,
the line source phase velocity decreases and the SW
shedding angle gradually decreases, approaching
coincidence with the line source axis in the
limit .
3) For [i.e., both and
imaginary, see Fig. 4(c)] the pole
is real [see Fig. 3(b)] implying that .
Now, the SW is exponentially attenuated along both
and , and propagates with along the
line source. Accordingly, this range of provides a
criterion for truncating the -series in (7).
We note that in every case, for paired positive and negative
, since , we also have and
.
Following the procedure proposed in [17], it can be demon-
strated that the shape of the transition region from the conical
space wave to the plane SW depends on the three parametric
ranges 1)–3) above. Deﬁning the transition region as that region
ofspaceoutsidewhich islessthanan arbitraryﬁxed
value , its shape is found to be as follows (see Appendix).
For ( real), the transition region occupies the
interior of a cylinder invariant along , with an elliptical cross-
section, as depicted in Fig. 4(a). The ellipse has its major axis
along , one focus at the origin, and the other focus along at
a distance from (see a-2 in Appendix).
The shadow boundary intersects the ellipse at its top level [see
Fig. 4(a)].
For (radially evanescent conical
space-wave, propagating SW), the second focus of the ellipse is
along the direction at a distance from
the origin [Fig. 4(b), and case b-1 in Appendix].
For (radially evanescent conical space
wave, -evanescent SW), the transition region is a parabola ori-
ented along the shadow boundary [Fig. 4(c), and
case b-2 in Appendix].
Before proceeding further, it is worth noting that when the
pole is not captured during the SDP deformation, in (20) is
equal to zero, and no SW appears in the representation. How-
ever, the cylindrical transition region still exists, and its exten-
sion is governed by the distance of the pole location from the
SDP.
C. Transition From Conical Space Wave to Plane Leaky Wave:
For ( real) a process similar to that ex-
plained in Section III-B (but substantially more complex)
pertains to the waveﬁeld , when it undergoes
transition from the conical wave observed in the angular range
to a leaky nonhomogeneous plane wave in the
range (see Fig. 5). The LW shadow boundary
angle is deﬁned by the interception point of a leaky
wave pole on the deformed SDP (an interception occurs only
for [ real]). Since by deﬁnition, the SDP is
the locus of complex points for which the real part of the
integrand phase is equal to the value it assumes at the saddle
point, i.e., , the shadow boundary angle
satisﬁes the interception condition ,
which implies .
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Fig. 5. Schematic representation of the transition from a conical wave to
a plane leaky wave for k <k ((20) with ￿ = ￿ ). No LW poles
are captured during the SDP deformation for k >k . (a) Matching of
conical-wave phase front and LW phase front along the LW shadow boundary
SB. The shaded interior of the ellipse in the view denotes the region wherein the
conicalwave undergoestransitionsoasto compensateforthe LWdiscontinuity.
The LW propagation vector k forms an angle Re(￿ ) with the x axis in
the transverse (x;z) plane. The transition ellipse is aligned along Re(￿ );i t
isintersectedatitsmaximumwaistbytheshadowboundaryatitsdeﬁningangle
￿ . Re(k ) and Im(k ) lie on the planes ￿ and (x;z), respectively. (b)
Weak LW attenuation and corresponding ray interpretation. The SB approaches
Re(￿ ) and the ellipse degenerates into a parabola. The observer at P is
reached by the conical ray originating at Q and forming the angle ￿ with the
line source axis, and by the LW ray whose propagation path is contained in the
plane ￿. This plane contains P, is parallel to the z axis, and forms the angle
￿ with the line source axis; the LW ray originates at the intersection Q
of ￿ with the line source axis.
As in Section III-A, the conical wave propagates along
cones deﬁned by their apex angle with respect to the
line source, and the LW propagates along , with
exponential growth along . The LW complex
wave vector
is phase-matched along to the line source. Like the SW
wave vector, the LW wave vector satisﬁes the free-space
dispersion relation . Its propagating
component is tied to the plane in Fig. 5(a),
which contains the axis and is inclined at the angle
with
the line source axis ( is obtained sequentially by projecting
onto the plane, normalizing, and ﬁnally pro-
jecting onto the axis). Moreover forms the angle
with the axis; the pair
of angles and deﬁnes the direction of
as sketched in the 3-D view of Fig. 5(a). The projection of
in the transverse plane forms the angle
with
respectto [see2-DviewofFig.5(a)].Theampliﬁcationvector
(alignedwiththedirectionalongwiththeLWexhibits
the maximum ampliﬁcation) is orthogonal to , owing
to the homogeneous-space dispersion relation .
Since the component of along must be real, is
contained in the plane orthogonal to the line source. As in the
case of the SW, since , the LW phase
matches the phase of the conical space wave in the transverse
plane at the shadow boundary .
The transition region is still an ellipse (see Appendix),
but aligned with the angle (which is always
greater than ), and intersecting the shadow boundary
at its maximum waist [see Fig. 5(a)]. The inter-focal dis-
tance is , where is such that
[17] (see Appendix). Inside its existence
region, the leaky wave ﬁeld is attenuated everywhere when
moving radially away from the line source.
For the important case of a weakly attenuated LW, i.e.,
, with quasireal values of both and ,
one obtains , which implies that the transition
ellipse degenerates into a parabola [see 2-D view of Fig. 5(b)].
This deﬁnes a wave ﬁeld transition structure very similar to
that occurring for diffraction of a propagating plane wave at an
edge. In the limit , the 3-D LW-ray path to
an observation point P can be visualized according to the 3-D
display in Fig. 5(b). The LW-ray originates at a point and
propagates along the slab interface with quasireal wavenumber
in a direction which forms the quasireal angle
with respect to the line source axis. Along its path on the
interface, the LW ray sheds space rays at the quasireal LW
propagation angle . The LW-ray to P leaves
the surface at the point with free-space wave speed.
The propagation path lies in the plane
, with an elevation angle of the vector given by
.
The conical ray to originates at in Fig. 5(b).
IV. FW-MATCHED KIRCHHOFF RADIATION:T OTAL FIELD
The asymptotic expressions in Section III for the ﬁeld radi-
ated by a single -indexed FW-modulated smoothly phased line
source distribution located at are now used to synthesize
the total ﬁeld radiated by the semi-inﬁnite array of FW-mod-
ulated line sources that cover the entire original array aperture
domain. To this end, we refer to (12) and consider the integral
(30)
which represents a Kirchhoff-type semi-inﬁnite aperture inte-
gral with th FW phasing imposed by the th FW. The
“Green’s function” of the 2-D radiation integral in (12) is that
of a line source radiating in presence of the slab. According to
(24), the integral in (30) can be decomposed into
(31)
where
(32)
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Fig. 6. Complex ￿-plane for the integral (36) showing integration paths C and its indentation around the FW poles. The SDP through the saddle point ￿ = ￿
is also shown. In the shaded regions, the integrand in (36) converges at Im(￿) !1 . In the observation range 0 <￿<￿ , the SDP through the saddle point ￿
intercepts the pole ￿ =c o s ((k )=(k )) for ￿ = ￿ . The values of ￿ are different for k real or imaginary. Improper FW poles at ￿ are also
shown, which are never captured by SDP deformation, but are accounted for in the regularization process of the integrand in (32). (a) jk j <k ,( k real). The
FW poles are on the real axis are associated to propagating FW (PFW) an evanescent FW (EFW), respectively. For PFW and EFW we have ￿ = ￿ and
￿ = cos (k =k ), respectively. (b) jk j >k ,( k imaginary). The contour C and the SDP are both straight lines parallel to the imaginary axis. The
shadow boundary is at ￿ = ￿=2.
and
(33)
In the following sections, the two terms in (32) and (33) will be
treated asymptotically.
A. Radiation Integral of FW-Matched Uniform Cylindrical
Waves:
The Green’s function integrand in (32) is a uniform conical
wave [cf. (27)]; its asymptotic evaluation can be performed by
the uniform stationary-phase (saddle) point/end-point method.
For real the end-point is located at and the sta-
tionary phase point at the real point which satisﬁes
the condition and has the solution
. The corresponding wave contri-
butions are an edge diffracted wave, and a FW truncated at a
shadowboundary,respectively.When isimaginarybutclose
to zero, the stationary phase method still works by invoking the
analytic continuation of the asymptotic solution for to com-
plex values. Alternatively, the spectral version of the Kirchoff
aperture integral (32) can be constructed and evaluated asymp-
totically. To this end, we rewrite (25) in terms of the rectan-
gular observation point coordinates , while maintaining
the spectral coordinates in the angular domain
(34)
This representation is valid for either real or imaginary, with
. The contour is the same as in Fig. 3, ignoring
the poles. Accordingly, from (32)
(35)
Noting that , where
are the edge-centered cylindrical coordinates, we change the
order of integrations and evaluate the -integral in closed form.
For uniform convergence of the integration at , we intro-
duce a small, complex shift ( positive) of the
contour, thus obtaining
(36)
where the pole at
(37)
liesonthecontour forboth realorimaginary.Inthelimit
of vanishing is locally deformed by detouring the pole
counterclockwise for both real and imaginary (see Fig. 6).
The integrand in (36) exhibits a saddle point at and addi-
tional poles at which, however, cannot be captured
during the contour deformation into the SDP. The integral in
(36) is the spectral-domain version of the spatial domain Kir-
choff radiation integral (32); the saddle point and the captured
pole asymptotically lead to edge-diffraction and truncated FW,
respectively. The relationship between the critical points in the
space and angular spectral domains are summarized in Table I.
The asymptotic evaluation of (36) is performed as for (16) in
Section III. The integrand in (36) is ﬁrst regularized by sub-
tracting and adding the function
(38)
which, containing the canonical block ,
can be integrated exactly through (20) (to improve the regular-
ization process, we also extract in (38) the singular term cor-
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TABLE I
CRITICAL POINTS IN THE SPECTRAL AND SPATIAL DOMAINS
responding to ); next, the contour of integration for the
regularized part is deformed into the SDP through the saddle
point and evaluated there to the ﬁrst asymptotic order.
This leads to
(39)
where
is the regular remainder and is the wave transi-
tion function deﬁned in (20), centered at . We empha-
size again that is deﬁned in such a way as to lie on the
locus for real, and on
for imaginary; therefore, the
pole can never be captured during the SDP deformation.
Thus, the function does not contain any truncated
FW contribution. The explicit expressions of and
are therefore
(40a)
(40b)
For the contribution in (40b) the transition process can be parti-
tioned into three cases.
1) real and . This implies real
, and corresponds to a propagating FW trun-
cated at the shadow boundary [see
Fig. 6(a)], with a phase velocity of the equivalent FW
current sheet greater than
the free-space speed of light, corresponding to a real
stationary phase point of the radiation integral in (32).
The conical propagating wave in (40b) arising from
the end-point of the space domain radiation integral
is centered at the array edge and compensates for the
discontinuity of the propagating FW with a parabolic
transition region, (see a-1 in Appendix). The mecha-
nism is the same as that for the array in free-space [6],
[7] except for the slab modulation factor
in (39). Fig. 7(a) and (b) illustrate the case when
and , respectively.Inanalogy
withthecase of a weaklyattenuated leaky waveshown
in Fig. 4(b), the ray contributions and relevant paths
are shown in Fig. 7(c). The propagating FW-ray con-
tribution originates at the point corresponding to
thestationaryphasepointoftheradiationintegral(32).
The FW-ray propagates along the direction
which (a) forms
the angle with
respect to the normal; (b) lies on the plane which
contains the axis; and (c) forms an angle with
the axis such that .
The conical edge diffracted rays lie on diffraction
cones with half-angle aperture .
2) real and . This implies poles
located on or [see
Fig. 6(a)], which correspond to evanescent FWs with
shadow boundary angle .N o
real saddle points occur on the integration domain of
(32); the analytic continuation of (see Table I) to
complexvalues reconstructs the -evanescent inhomo-
geneous Floquet wave ﬁeld. The conical propagating
diffracted wave compensates for the discontinuity of
the evanescent Floquet wave with an elliptical transi-
tion region analogous to that depicted in Fig. 4(a) for
the case of the surface wave. Fig. 7(d) and (e) show
the transverse-plane transition for and
, respectively, and Fig. 7(e) illustrates
schematically the corresponding 3-D view.
3) imaginary and . This implies
located on and
[see Fig. 6(b)]. The transition mech-
anism is the same as that presented in Fig. 4(b) for
the surface wave. Regarding (38), since the pole
is far from the saddle point, the Fresnel func-
tion is almost equal to unity everywhere, except
for vanishing (mode cutoff); its contribu-
tion represents a conical (propagating or evanes-
cent) wave. Actually, the spectral extraction of
the term which is singular at furnishes an
adequate description of the cutoff transition[1].
B. Radiation Integral of FW-Matched Transition Waves:
The space domain radiation integrand in (33) contains the
transition from conical to S/LW, rendering its space domain
phase-modulated asymptotic integration less straightforward
than before. However, the integrand can be calculated in
exact closed form by resorting to its spectral domain repre-
sentation. We apply to (33) the same procedure as that for
processing (32). Since the angular spectrum of is
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Fig. 7. Schematic representation of the transition from the edge-centered conical wave to the Floquet wave (40c). (a)-(c) jk j <k ; k real, k <k .
Transition from the propagating conical wave to the truncated FW. The transition region is parabolic. (a) k positive (￿ <￿ = 2); (b) k negative (￿ >
￿=2). In (c) the ray contributions at an observation point P are depicted in a 3-D view with excitation emanating from the origin and from x for the conical
and Floquet wave ﬁelds, respectively. (d)-(f) jk j <k ;k real, k >k . Transition from the propagating conical wave to the truncated evanescent FW. The
transition region is elliptical. (d) k positive (￿ <￿ = 2); (e) k negative (￿ >￿ = 2); (f) 3-D view. jk j >k ;k imaginary. The schematization of
this case is not depicted; it can be deduced from that of Fig. 4(c).
[see (20)], the previous procedure
can be adapted by employing in (36) the formal substitution
, leading to
(41)
Note that while the indentation around the poles is coun-
terclockwise for both cases, real and imaginary, the indenta-
tion around the pole at is counterclockwise or clockwise
depending on whether is negative or positive (see
Fig. 3). Using the algebraic identity
(42)
where , allows
the decomposition of (39) into two blocks of terms that can be
integrated exactly through the application of (20). One obtains
(43)
The term can be obtainedfrom (20) and is repeated
here for convenience
(44)
The above expression is valid for ; for
, the sign of the argument of the function
must be changed, due to the opposite indentation of the contour
around these poles. The transition wave in (44) behaves like
that discussed in Sections III-B and III-C for SW and LW,
respectively, except for the fact that they are centered at ,
i.e., at the array edge.
Note that in (43), for , the coefﬁcients
and tend to unity and zero, respectively.
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C. Spatial Domain Synthesis
By substituting (24) (with ) and (30) into (12), the
electric ﬁeld of the AGF is synthesized as
(45)
As mentioned in Section III-A, a rough but effective criterion
for truncating the -series in (45) is to neglect the radially
attenuated waves; this criterion can be reﬁned by the inclusion
of a few terms of the series, until the condition
is reached. In (45) the ﬁrst term
represents the asymptotic Kirchhoff-type radiation from the
semi-inﬁnite th FW-phased aperture, and the second term
denotes the uniform asymp-
totics for the edge-located smooth-line source, phased by the
th FW wavenumber. The phenomenology of
in (45) is exactly that described in Sections III-B and III-C
except that the conical S/LWs are now centered at the edge
instead of at a generic . The asymptotic AGF in
(45) is structured in a form different from that obtained from
the spectral domain parametrization [1]; despite the fact that
the asymptotic treatment has been conducted essentially in the
spatialdomain,(45)recoversexactlythespectral-domain-based
asymptotics in (I.41). Indeed, it is shown in [2] that collecting
all the conical waves and plane waves together, we reconstruct
the high-frequency diffracted ﬁeld pertaining to the spectral
domain parametrization.
V. CONCLUDING REMARKS
This second part of a three-part sequence has been concerned
with the description of the periodicity-induced wave processes
that are embedded within the high-frequency Green’s function
of a linearly phased semi-inﬁnite array of electric dipoles
located on an inﬁnite grounded dielectric stratiﬁcation. The
same array Green’s function, for a single grounded slab, was
treated via a spectral-domain-based formulation in [1]; there,
the relevant asymptotic evaluation was expressed in terms of
truncated FW, SW, and LW plus discontinuous edge diffracted
waves, asymptotically decomposed into various contributions
corresponding to individual pole spectral regularizations. As
noted in Section I, the spectral domain parameterization is
not well-matched to the relevant wave physics. The spatial
domain parameterization here, using Kirchhoff-type aper-
ture radiation concepts, overcomes these deﬁciencies. The
detailed space domain asymptotics in the text, based on the
canonical synthesis of the semi-inﬁnite phased-dipole-array
AGF in terms of line dipole array contributions, has yielded a
GTD-type periodicity-matched catalog of truncated FW, leaky
and surface wave species, truncation-induced edge-diffractions,
uniform transitions from one species to another, etc. All of
the asymptotic manipulations have been documented in detail,
and their outcomes have been accompanied by physics-based
schematizations. The space-domain analysis has thus furnished
the preparation for the ﬁnal stage (Part III) of this study [2]
which addresses phase-matched wave interaction mechanisms
and their impact on practical applications, with inclusion of
numerical examples.
APPENDIX
SPACE WAVE TRANSITION REGION
The transition region pertaining to the space wave contribu-
tion in (20) can be deﬁned analytically as ,
where is a small arbitrarily chosen positive number. Due to
the regular and continuous behavior of the transition function
in (20), which tends to unity for large magnitude of its argu-
ment and vanishes for small arguments, the above relation can
be expressed equivalently as , where is such that
[17]. From the expansion of the UTD function
for large values of the argument, this implies . The
relation translates from (20) into
(46)
Deﬁning , (46) may be rewritten as
(47)
which leads after straightforward manipulations to
(48)
Since (48) does not involve the observation coordinate , the
transitionregionsarecylinderswithaxesparallelto andcross-
sectional shape depending on the -phasing. Different cases
maybedistinguished,dependingonwhether isrealorimag-
inary and on whether is real, purely imaginary, or complex.
) ( real). Different cases
can be distinguished, for FW, LW, and SW.
) is real. This case applies only to propagating
FW, i.e., . From (48),
, which deﬁnes a transition re-
gion that occupies the interior of a parabola with
axis along the shadow boundary .
) is imaginary. This case applies to SW and
to evanescent FW (Figs. 4(a) and 7(b), respec-
tively), i.e., . From (48),
, which deﬁnes a
transition region that occupies the interior of an el-
lipse with one focus at the line source and the other
focus at on the axis at a distance .
The eccentricity (the ratio between the inter-focal
distance and the major axis) is [Figs. 4(a)
and 7(b)]. Since , the
shadow boundary intersects the ellipse at its top
level.
) complex. This case applies to LW (Fig. 5), with
. From (48),
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,
which deﬁnes a transition region that occu-
pies the interior of an ellipse with one focus
at the line source and the other focus along
the axis at , at a distance
. The eccentricity is
and the shadow boundary in-
tersects the ellipse at the location of its minimum
axis [see Fig. 5(a)]. The ellipse degenerates into a
parabola when [Fig. 5(b)].
) ( imaginary). Here the LW poles are
nevercaptured,whencethiscasecomprisesonlythe
SWandevanescentFW;i.e., .Thecase
of SW is illustrated in Fig. 4(b)–(c). Two subcases
occur as follows.
)F o r , one has
. In this case, (48) implies
, from
which the transition regions are elliptical but with
major axis along (Fig. 4(b) shows the SW case).
One focus of the ellipse still coincides with the line
source; the other focus is on the relevant shadow
boundary at . The inter-focal distance is
at .
)F o r is real and
. In this case, (48) implies
, from which the transition region
is parabolic with axis along the shadow boundary.
This case applies only to SW [Fig. 4(c)].
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